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I. Introduction

The COVID-19 pandemic led to an unprecedented decrease in economic activity. As a re-

sponse, various countries implemented loan guarantee programs. Benmelech and Tzur-

Ilan (2020) report that government loan guarantees amounted to an average of 2.73% of

GDP in the year 2020 across 85 countries, while total fiscal spending (excluding these

guarantees) averages 4.97% of GDP. In particular, the United States Congress created the

Paycheck Protection Program (PPP) as part of the larger Coronavirus Aid, Relief, and

Economic Security (CARES) Act. The main goal of the program was to preserve jobs of

SMEs that were substantially affected by COVID-19. In 2020 and 2021, the total vol-

ume of loans and grants made through the program was $800 billion. To speed up the

delivery of loans, the government used financial institutions to make decisions on appli-

cations, but the loans were ultimately guaranteed by the government.1 This arrangement

gave banks the ability to disburse loans according to their incentives, particularly at the

beginning of the program, when the demand for funds largely exceeded the supply.

The empirical literature provides robust evidence of targeting of PPP loans. Granja

et al. (2022), Bartik et al. (2021), Doniger and Kay (2023), and Joaquim and Netto (2022)

show that the earliest PPP loans were made to larger firms, firms with more preexisting

debt, firms less affected by the pandemic, and firms that would have had a higher proba-

bility of survival without PPP loans. In this paper, we develop a model that captures the

key mechanisms of the program and that is consistent with the empirical evidence. Using

our model, we discuss what should have been the optimal target of PPP loans, examine

the distortions caused by allocating these loans through the banking system, and discuss

alternative policies that could have been implemented to minimize the misallocation of

PPP loans. We also show how the model can be extended to accommodate informational

differences between the government and banks, and the determinants of the optimal size

of the program. Finally, while the paper is mainly focused on the PPP, we discuss how

our framework can be mapped to other loan guarantee programs.

Our theoretical framework has three agents: firms, banks, and the government. Firms

1Throughout the paper, we refer to these intermediaries as banks for simplicity.
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are heterogeneous in their number of employees, cash-on-hand, debt payments, and in

how affected they are by the pandemic. For the latter, each firm in our model faces a

random cost shock that must be paid for with its current cash-on-hand and potential bor-

rowing from the PPP. We assume that, at the moment of application and loan disburse-

ment, firms, banks, and the government know the distribution, but not the realization, of

the shock.2 In our benchmark model there are no application costs, and no asymmetric

information or operational capacity differences between banks and the government. We

also assume that banks are not lending outside of the program for firms that are eligible

for the PPP.3 We relax all of these assumptions in the extensions of our model.

We analyze the optimal allocation for a government whose objective is to maximize the

number of preserved jobs, and characterize the optimal allocation of PPP funds in two

steps.4 First, we focus on the case where the government can choose how much to lend to

each individual firm given the size of the program, which we denote as constrained first-best

allocation. Second, we explore the case where the government must allocate loans to firms

following the rules of the program, that is, only choosing which applications (that con-

form to the rules of program) to approve. Then, we assess potential misallocation from

deploying these loans through banks.

In the constrained first-best case, the optimal allocation targets firms for which each

additional dollar’s marginal effect on the firm’s survival probability is higher. For firms

that face the same distribution of the cost shock, this implies the government finds that it

is optimal to allocate money to firms with low cash-on-hand or high debt levels. On the

other hand, when firms have similar financial conditions but face different cost shock dis-

tributions (due to different sectoral or regional exposure), the optimal allocation across

2This is a reasonable assumption, since the PPP was first introduced on March 27, 2020, long before
the full magnitude of the pandemic was known. For example, a survey of small businesses in Bartik et al.
(2020) shows that there was substantial disagreement and uncertainty regarding the duration of the crisis.

3This assumption is broadly consistent with the evidence in Li and Strahan (2022) that throughout
2020 virtually all of the change in banks’ outstanding C&I loans can be accounted for by the PPP. In other
countries, however, there is substantial lending outside of loan guarantee programs (e.g. Altavilla et al.
(2022), Jimenez et al. (2022)). We provide an extension of our model in Appendix E which incorporates
bank lending outside of the loan guarantee program, and show that it is consistent with the empirical
evidence in Jimenez et al. (2022).

4The stated objective of the program was to "provide a direct incentive for small businesses to
keep their workers on the payroll". See https://www.sba.gov/funding-programs/loans/covid-19-relief-
options/paycheck-protection-program/first-draw-ppp-loan.
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firms depends on the size of the program. When the program is relatively small, the gov-

ernment finds it optimal to allocate funds in an inverted U-shaped pattern with respect to

shock exposure; that is, firms moderately affected by the pandemic will be targeted first.

Intuitively, saving the most affected firms is not cost effective (as those funds could be

used alternatively to save a larger number of firms which are only moderately affected).

As the program grows larger, the government allocates more funds to the firms that are

most affected. This analysis highlights that the target of the PPP is not ubiquitous: It

depends on the nature of the shock faced by firms, the size of the program, and the di-

mensions in which firms are heterogeneous. The optimal allocation is a joint product of

firms’ financial positions and the nature of the shock distribution, and thus does not have

a distribution or model-free ranking.

We then consider the case where the government can only choose which applications to

approve subject to a constraint on the amount of loans allocated to the program. In this

case, it is optimal to allocate loans to firms with the highest difference between their prob-

abilities of survival with and without a PPP loan, that is, those with the highest treatment

effects. In our model, these firms are those that are moderately affected by the pandemic.

Firms that are expected to be severely affected by the pandemic will likely shut down,

while firms not meaningfully affected by the pandemic shock will likely survive regard-

less of the allocation of PPP loans. Additionally, we also find that the government wants

to allocate funds to firms in better or worse pre-COVID financial condition depending

on the underlying distribution of the pandemic shock and the maximum loan size per

firm. For instance, if the distributions has a lot of weight on the right tail, that is, large

pandemic shocks are relatively more likely, the government prefers to allocate funds to

those firms in better financial conditions ex-ante. The intuition is that these are the firms

with the highest gain from receiving a loan, since firms in bad financial conditions would

likely not survive the pandemic regardless of receiving or not a loan.

Next, we focus on the allocation of PPP loans through banks. The use of banks to

distribute loans makes the allocation sensitive to banks’ incentives — even in a program

like the PPP where loans are fully guaranteed by the government. We assume that banks

are choosing which loans to approve to maximize its profits. The banks’ profit function
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is different from the government objective for two reasons. First, banks have outstanding

loans with firms that will default if those firms do not survive the pandemic. As a result,

banks distort the allocation toward firms with whom they already have outstanding loans.

Second, banks value future relationships with current and potential clients. As a result,

banks distort the allocation toward less affected firms, which are more likely to survive

and thus be profitable clients in the future. Both of these distortions are consistent with

the empirical literature. For instance, Bartik et al. (2021) show that approval rates are

higher for less distressed firms and borrowers with larger outstanding debt.

To illustrate how our framework can be combined with micro data to generate insights

about the misallocation of funds, we provide an empirical application of our model. For

that, we combine loan level data from the SBA with treatment effect estimates from Autor

et al. (2022a) and Dalton (2021). We find that the program was initially 50% less effective

than it could have been under the optimal allocation. This reflects an excessive demand

for loans early in the program, when banks played an important role in the allocation of

PPP loans. This difference in effectiveness shrunk as more loans were made. By the end of

the program, the bank based allocation represents a decrease in 17% in effectiveness rel-

ative to the optimal allocation. Additionally, we compute what the misallocation would

have been if the government allocated loans to the smallest firms earlier. We find that if

smallest firms were prioritized the program would have been much more effective, very

close to optimal even in the first round of the program. This follows from the fact that

smallest firms are those with the highest treatment effects (Bartlett and Morse (2021),

Dalton (2021)), but they received loans later in program.

Finally, we consider various extensions of our model. First, we consider a situation in

which banks have more information and operational capacity to timely disburse loans

relative to the government, and assume firms without access to banks have larger treat-

ment effects. Within this framework, we characterize situations in which the government

would still prefer to allocate funds itself, rather than to rely on banks. In particular, if

the cost of delayed disbursement is relatively low compared to the asymmetric informa-

tion problem, then the government would rather disburse funds by itself. Second, we

explore the determinants of the the optimal size of the program. We find that the op-
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timal size depends on the tradeoff between the governments’ cost of funds and benefit

of lower misallocation from smaller effects of targeting over time. Intuitively, the more

firms receive funds, the smaller the misallocation problem that arises when the program

is too small and only a specific subset of firms is able to obtain funds. Lastly, we discuss

how characteristics of loan guarantee programs implemented in other countries could be

incorporated in our framework. We discuss how these differences affect both the subset

of firms who apply for loans and the incentives of banks. We provide a detailed discus-

sion of one specific difference that is relevant for various loan guarantee programs: the

amount of loans made outside of the program and its substitutability with guaranteed

loans. We show that a simple extension of our model that features lending outside of

the program captures the key empirical facts of Altavilla et al. (2022) and Jimenez et al.

(2022) for loan guarantee programs implemented in Europe.

Our paper contributes to the literature on the optimal design of COVID-19 corporate

support policies. The literature has focused on how government support can address

various frictions and externalities, such as excessive business liquidation, congestion in

the bankruptcy system, aggregate demand, corporate and financial sector doom loops,

COVID-19 transmission, and others.5 Closer to our paper, Gourinchas et al. (2022) de-

velop a macro framework with heterogeneous firms and show that the effectiveness of

lending programs from a macro perspective depends fundamentally on the micro allo-

cation of loans across different types of firms. While this literature has provided various

insights based on broad abstractions of these corporate support programs, we take a dif-

ferent approach and build a framework that zooms in on the details and implementation

of a particular program. By focusing on a specific program, we can understand the ob-

served allocation of funds, how it depends on the incentives of banks (which in most

cases intermediated the disbursement of funds), and precisely point out how changes in

the policy design could have optimized the program’s resource allocation.

5See, for instance, Elenev, Landvoigt and Nieuwerburgh (2020), Kahn and Wagner (2021), Philippon
(2021), Goodhart, Tsomocos and Wang (2023), Wang and Wang (2021). Additionally, Crouzet and Tourre
(2021) and Brunnermeier and Krishnamurthy (2020) link pandemic driven interventions to corporate debt
overhang. Finally, Greenwood, Iverson and Thesmar (2020), Blanchard, Philippon and Pisani-Ferry (2020)
and Hanson et al. (2020) discuss various broad based policies, such as the Primary and Secondary Market
Credit Facilities, wage subsidies, unemployment benefits and corporate restructuring.
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This paper also joins the large literature exploring the economic impact of policy re-

sponses to the COVID-19 pandemic, in particular the impact of the PPP.6 Among those

empirical studies, Doniger and Kay (2023), Bartik et al. (2021), Granja et al. (2022), Li and

Strahan (2022), Joaquim and Netto (2022) and Glancy (2023) show evidence of systematic

heterogeneous allocation of PPP loans. For instance, Bartik et al. (2021) show that banks

prioritize loans to their pre-existing customers. Moreover, Granja et al. (2022) show that

PPP loans did not flow to the areas most affected by the pandemic. Our contribution to

this literature is twofold. First, we provide a theoretical model of the program that is

consistent with the empirical evidence discussed above, and that allows us think about

counterfactual analysis and alternative policy designs. Second, the empirical literature

on the PPP has so far focused on the observed allocation of PPP loans and its effects. In

contrast, we focus on what is the optimal allocation of loans and grants made through the

program and, thus, what could have been the effect of the program had it been designed

and implemented differently.

Finally, our paper is also related to the literature on loan guarantee programs, a com-

mon form of intervention in credit markets (Beck, Klapper and Mendoza, 2010). Benm-

elech and Tzur-Ilan (2020) and Hong and Lucas (2023) show that these programs were

widely implemented in response to the pandemic. As a result, there is a burgeoning lit-

erature that studies these programs in various settings, such as Altavilla et al. (2022),

Huneeus et al. (2022), Cirera et al. (2021), Core and Marco (2022) and Jimenez et al.

(2022). We bring to the forefront the role of bank incentives in the disbursement of

guaranteed loans and how this can lead to misallocation. Similar to our paper, Martín,

Mayordomo and Vanasco (2024) also study banks’ incentives to allocate loan guarantees

across heterogeneous firms, and highlight how these incentives can lead to misallocation.

In their project misallocation arises as guarantees distort bank incentives to promote en-

trepreneurial effort through lower interest rates. In contrast, our model has misallocation

along the extensive margin arising from banks targeting a suboptimal set of firms due to

6A non-exhaustive list of the growing literature exploring the PPP includes Barrios et al. (2020), Chetty
et al. (2020), Cororaton and Rosen (2020), Hassan et al. (2020), Hubbard and Strain (2020), Neilson,
Humphries and Ulyssea (2020), Balyuk, Prabhala and Puri (2021), Bartlett and Morse (2021), Chodorow-
Reich et al. (2021), Dalton (2021), Duchin and Hackney (2021), Faria-e-Castro (2021), Faulkender, Jackman
and Miran (2021), Autor et al. (2022a), Erel and Liebersohn (2022) and Rabetti (2022).
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their incentives to use guaranteed loans to reduce their credit risk. Moreover, by explic-

itly modelling a scenario where banks and the government have different information

and operational capacity, we shed light on the circumstances under which guarantees

should be allocated through banks.

II. The Paycheck Protection Program

Created on March 27, 2020, as part of the Coronavirus Aid, Relief, and Economic Security

(CARES) Act, the Paycheck Protection Program (PPP) was designed to address liquidity

shortages that could lead to employment losses from small businesses. The Small Busi-

ness Administration (SBA) oversaw the program. To guarantee a timely disbursement of

funds, firms applied for a loan through qualified financial intermediaries.

Through 2020 and 2021, the PPP disbursed loans in two separate draws. The first draw

ran from April 3 through August 8, 2020, and it is the one we consider in this paper.7

Given the PPP’s small-business focus, only firms with fewer than 500 employees were

eligible to apply, and each firm could apply for no more than one loan in the first draw

of the program.8 The maximum loan amount was 2.5 times the firm’s average monthly

payroll costs in the preceding year, up to $10 million. PPP loans have an interest rate of

1 percent, deferred payments for six months, and maturity of two years for loans issued

before June 5 and five years for loans issued after June 5, 2020. Finally, PPP loans do not

require collateral or personal guarantees.

A PPP loan was fully forgiven if funds are used for the purpose of payroll mainte-

nance. To obtain full loan forgiveness, businesses were required to use most of the loan

amount on payroll expenses and to maintain pre-crisis employment headcount and wage

levels. The amount forgiven is reduced if wages or full-time headcount decreases. Ini-

tially, funds had be used to pay for these costs over the eight-week period following the

disbursement of the loan. This period was eventually extended to 24 weeks in June 2020.

7In December 2020, Congress authorized an additional $284 billion in funding for the program as part
of the $900 billion Coronavirus stimulus package. The PPP resumed disbursement in 2021, including
second-draw loans for some of the firms that had received a PPP loan in the first draw.

8Exceptions to the size limit were firms in the restaurant and hospitality sectors (NAICS code 72), which
were allowed to apply as long as they had no more than 500 employees in each location.
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Recent SBA data indicates that over 90% of the funds disbursed in the program were

forgiven.

Applications were processed by financial intermediaries (e.g. federally insured depos-

itory institutions and credit unions), which were responsible for checking application

documents (for simplicity, we refer to these intermediaries as banks). Banks were paid

a fee by the government to cover these processing costs. PPP loans are fully guaranteed

by the government and carry zero risk weight for the calculation of risk-weighted assets,

with the purpose of minimizing the impact on banks’ capital requirements.9 The pro-

gram was designed to allow many institutions to process loan requests while minimizing

impacts on their balance sheet structure.

Figure 1 shows the approval date of PPP loans through August 8, 2020, the application

deadline of the first draw of the PPP. This first draw of the PPP, was composed of two

separate rounds. The first round of the program ran from April 3 to April 16, 2020.

During the first round, PPP loan demand vastly exceeded supply. We see in Figure 2

that 72 percent of firms reported applying for the program, but only 36 percent reported

receiving a PPP loan at the end of the first round. This excess loan demand gave banks a

significant role in deciding the allocation of PPP funds.10

As a result of the enormous demand, the PPP ran out of money on April 16, 2020.

In response, on April 24, Congress enacted the Paycheck Protection Program and Health

Care Enhancement Act, which appropriated an additional $321 billion (for a total of $670

billion) for the PPP. The second round of the program ran from April 27 to August 8,

2020. In the following two weeks after banks resumed accepting applications on April

27, an additional $176 billion in PPP loans was approved, and by May 15, 95 percent of

the funds allocated in the program had already been dispersed. After that, demand for

PPP loans subdued and led to excess supply of PPP funds, reducing the role of banks

in the allocation of PPP loans in the second round. The program stopped accepting first

9Federal Reserve Banks were authorized to provide liquidity to banks through the Paycheck Protection
Program Lending Facility (PPPLF). This allowed Federal Reserve Banks to extend loans to institutions that
were eligible to make PPP loans using such loans as collateral.

10Press accounts in the early days of the PPP show that banks gave preference to their existing
clients and larger firms. See, for instance, Emily Flitter and Stacy Cowley, “Banks Gave Richest
Clients Concierge Treatment for Pandemic Aid”New York Times, April 22, 2020, updated Oct. 11, 2021.
https://www.nytimes.com/2020/04/22/business/sba-loans-ppp-coronavirus.html.
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draw applications on August 8, 2020, with $144 billion remaining from the Paycheck

Protection Program and Health Care Enhancement Act appropriation.

Table 1 reports aggregate statistics of the first draw of the PPP. The program funded

5.147 million loans at a total value of $526 billion. At the end of the first draw, the (cu-

mulative) average loan size was around $100,000 for firms that self-reported, on average,

11.8 jobs supported by the program. Overall, firms reported more than 61.1 million jobs

as being supported (in a universe of 70 million jobs at firms eligible for the program; see

Autor et al. (2022a)). Most of these loans were not made by the top four banks (in terms

of 2019 assets). Together, these banks were responsible for around 36 percent of small-

business loans (less than $ 1 million) before COVID-19, but accounted for only 13% of

the amount disbursed in the PPP.

III. The Optimal Allocation of PPP Funds

In this section, we describe the setting of our model, discuss the optimal allocation of a

program’s funds from the perspective of the government, and the potential misallocation

from using the banking sector to disburse these funds.

III.1. Model Setup

We consider a continuum of firms indexed by j. Each firm has Nj workers. We define our

model in terms of per worker variables. Firm j’s available cash per worker before the onset

of the pandemic and the launch of the lending program is given by (1)

cj ≡ ρj − bj , (1)

where bj represents the firm’s debt payments per worker, and ρj is the remainder of the

cash-on-hand. Without loss of generality, we normalize Nj such that
∫
j
Njdj = 1. We

model the pandemic following Guerrieri et al. (2022). Each firm faces a reduction νj

in cash flow (revenue shortfalls, extra costs to remain open). That is, the per-worker

magnitude of the shock is νj , with cumulative distribution denoted by Φ and probability
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distribution given by φ, both parameterized by ηj (we define the specific functional form

for the distribution below).

A firm that borrows ωj from the lending program can survive the pandemic if

νj < cj +ωj ≡ Γj(ωj),

where Γj(ω) is defined as the available funds per worker to guarantee firm survival. We

assume that Γj(0) > 0, ∀j; that is, all firms across all sectors and regions are profitable

enough before the pandemic to remain open.11 Throughout the paper, we suppose all

firms apply for the program, and do so for the maximum amount of funds per worker

available, which we denote by ϕ. Given the small application costs and forgiveness rules,

this is a reasonable assumption in our setting. In Appendix D, we endogeneize firms’

application choice and the amount that they apply for in the program.12

For tractability, we follow Guerrieri et al. (2022) and assume that the cumulative dis-

tribution of the fixed-cost shock distribution is given by (2)

Φ(ν ; η) =


0, if ν < 0(
ν
c0

)η
, if ν ≤ c0

1, if ν > c0

, with η > 0. (2)

The distribution in (2) has two characteristics that greatly simplify our analysis while

still allowing us to focus on the difference between bank and government incentives.

First, the shape parameter η controls the concavity of the cumulative distribution func-

tion (CDF), and thus we have a monotonic probability density function (PDF), which is

increasing if η > 1 and decreasing if η < 1. Second, a distribution with higher η first-

order stochastically dominates a distribution with lower η, making it easier to compare

more affected (higher η) with least affected (lower η) firms. We assume in our benchmark

model that banks and the government also observe ηj (the parameter of the distribution)

11As our focus is on the allocation of funds across firms, it is natural to assume that firms that are not
profitable before the pandemic will shut down and will not receive any funds from the PPP.

12For another approach to modeling firm demand for PPP loans, which includes costs of switching across
banks, see Glancy (2023).
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but not νj (the realization of the shock). We relax this assumption and solve a version

of the model where the government has imperfect information and limited operational

capacity to disburse loans in Section V.1.

We simplify the notation by defining Φj (ϕ) ≡ Φ
(
Γj(ϕ) ; ηj

)
, which is the probability a

firm survives the pandemic if it receives an amount ϕ from the program. Furthermore, to

analyze the effects of the program on participating firms, we introduce two key variables

in our model. Let θj be the probability of survival of a firm without receiving no loans

from the PPP, and Tj be the treatment effect for firms of type j of receiving ϕ rather than

0 of loans from the PPP as in (4):

θj ≡ Φj (0) (3)

Tj ≡ Φj (ϕ)−Φj (0) . (4)

The variable Tj plays a special role as it measures the expected effectiveness of the PPP

program for each type of firm j.

Dynamics and Timing of PPP Allocation. Our model of the PPP is a static model in

which we ask which firms should receive PPP funds. However, given the massive size

of the program, a lot of the variation in PPP disbursements came from not only which

firms received PPP loans, but also when those loans were received (see Doniger and Kay

(2023), for instance). This additional time dimension also raises the question of which

operational constraint prevents all firms that would be chosen to receive funds to obtain

funds right at the onset of the program. Nevertheless, most of our results can be easily

extended for the timing of allocations.

First, if we assume that firms’ ability to survive or treatment effects do not change over

time, the problems are equivalent. More broadly, we can assume that firms’ ability to

survive and treatment effects change over time but do so proportionally for all firms, and

our results of who should get PPP loans easily translate to who should get loans earlier in

the program. We return to this discussion in our quantitative exercise in Section IV and

12



show how small changes to the framework can accommodate a dynamic setup.

III.2. Constrained First-Best Allocation

Our first theoretical result is based on the problem of the government when it can choose

the amount ωGj per worker to lend to each firm. The objective of the government is to

maximize the number of preserved jobs.13 Since there is no intensive margin adjustment

at the firm level (such as downsizing), we model this objective as maximizing the num-

ber of surviving jobs. The government observes the types of firms j but not their actual

realization of the pandemic shock, so we denote the solution of this problem as the Con-

strained First-Best, since the government is constrained by its information set.

We show that the government wants to allocate funds to where the marginal effect is

the highest, which does not necessarily correspond to the places most/least affected by

the shock. The marginal effect depends on the distribution of the expected cash-flow

shock, on the size of the program, and on the initial financial condition of the affected

firms. The optimal target of the lending program thus is neither obvious nor invariant

to the nature of the economic shock (as more information on the depth of the pandemic

becomes available). For instance, if the shock to a firm (or region/sector) is large enough,

the government does not always find it optimal to save this firm, as the opportunity cost

of not allocating these funds to other firms is too high. Our analytical results below for-

malize this intuition and characterize what is then the government’s optimal allocation.

Let the total amount of loans in the program be denoted by M. The problem of a

planner who aims to provide a direct incentive for small businesses to keep their workers

employed is given by:

max
{ωGj }

∫
Nj ·Φ

[
Γj(ω

G
j ) | ηj

]
dj s.t.

∫
Nj ·ωGj dj =M. (5)

The solution to the maximization problem in (5) is what we denote as the Constrained

First-Best. In what follows we separately compare firms with the same shock exposure (ηj)

13This is a reasonable assumption, since employment losses would likely increase the effects of liquidity
shocks, worsening economic outcomes.
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but heterogeneous financial position first, and then firms with the same financial position

(cj) but different shock exposures. The motivation for this approach is twofold. First,

it highlights the key channels of the PPP allocation in our model for different sources

of heterogeneity across firms. Second, it speaks directly to the empirical literature that

generally tries to control for either of these factors (with firm controls, fixed effects, etc.)

and focus solely on one of them at a time (for instance, in Bartik et al. (2021)). Our main

analytical result of this section is Lemma 1, which considers the case where ηj < 1, ∀j;

that is, all firms face a concave distribution of the pandemic shock:

Lemma 1. Constrained first-best allocation with ηj < 1. Let ηj < 1, c ≡
∫
j
Njcjdj > 0 and

c0 sufficiently large.14 The solution to (5) entails an equal marginal probability of survival

across firms, that is, for firms i, j

Φ
[
Γ
(
ωGj

)]
= Φ

[
Γ
(
ωGi

)]
, ∀i, j. (6)

Using the distribution in (2), we have that

Njω
G,∗
j =Njτ(ηj ,M) +M −

[
Njcj − c

]
, (7)

where M ≡M + c 15 and τ(η,M) is an exposure-based per-worker transfer that sums to zero;

that is,
∫
j
Njτ(ηj ,M) = 0. Furthermore, we have that:

• M small: τ(η,M) is inverted U-shaped in η ⇒ funds should flow to intermediately af-

fected firms.

• M large: τ(η,M) is strictly increasing in η ⇒ funds should flow to most affected firms.

Lemma 1 implies that for two firms i, j with the same shock exposure ηj = ηi , we have

that Njω
G,∗
j −Niω

G,∗
i = Nici −Njcj , while for two firms with the same financial position

cj = ci , we have that Njω
G,∗
j − Niω

G,∗
i = Njτ(ηj ,M) − Niτ(ηi ,M). Intuitively, Lemma 1

14We assume that c0 is sufficiently large to focus on the interior solution of the problem of the govern-
ment. A sufficient condition for this interior solution is c0 >M +π.

15This is the relative size of the program. M represents the total funds to be allocated, and c represents
the financial conditions of the firms at the onset of the shock.
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shows that (i) the optimal policy equalizes the marginal probability of survival across

firms who receive funds (Eq. (6)), and (ii) the firm specific allocation can be decomposed

in the cash flow needs of firm j relative to the average cash flow needs in the economy and

a transfer based on the size of the program and exposure to the shock (Eq. (7)). Therefore,

firms in a more fragile financial situation (as are small firms) would receive more funds

from the PPP. Moreover, if the relative size of the program is large, the government can

allocate enough funds to the most affected firms to significantly increase their probability

of survival. On the other hand, if the program is relatively small, the government must

focus on firms that are intermediately affected by the pandemic. In this second case, the

relative cost of saving the most affected firms is too high, as they are not the firms whose

treatment effects are the largest.

Sectoral/regional allocation. Our result in Lemma 1 is also useful for analyzing the op-

timal allocation of funds across different sectors and regions in the country, as there is ev-

idence that the funds did not flow to the most affected regions (Granja et al. (2022)). The

result that optimal policy will equate the marginal probability of survival across firms

in Eq. (6) is still true for the marginal probability of survival across sectors and regions.

For instance, if different sectors have different initial levels of debt per worker, sectors

with relatively more debt per worker should receive more of the funds, since the prob-

ability that a firm in this sector survives the pandemic absent the government program

is small, hence the marginal effect of funds on survival probability is large. However, if

sectors or regions have shocks with different distributions (that is, different exposures to

the pandemic), the optimal transfers across sectors are given by τ(ηj ,M), and should not

necessarily go to the most affected sectors or regions.

Other cases. In Lemma 1, we focus on the case where ηj < 1, ∀j. In Appendix B.1, we

show in a simple example that when ηj > 1, the problem of the government is convex

and the solution is to allocate funds to either the firms with the lowest or highest π or η;

that is, the government is indifferent to the choice between allocating funds to the least

or most affected firms as long as all of the funds flow to either. More generally, take
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any distribution Υ
(
πj +ωj | θj

)
parameterized by θj . We show in Appendix B.2 that the

government should allocate money to the highest θj (most affected) if Υ is supermodular

in ω,θ (and to the least affected if it is submodular). Overall, this shows that the optimal

target of PPP funds depends on the relative benefit of the marginal dollar rather than the

funding needs of each individual firm.

III.3. Optimal Allocation of Loans under PPP Rules

In Section III.2, we considered the government allocation when the government can

choose how much to lend to each firm. To make a direct comparison with the bank allo-

cation, we now focus on the optimal government allocation under the same rules as the

bank allocation in the PPP, conditional on the set of firms that in fact applied for the PPP.

In this case, the government can choose to accept or reject applications from firms, but

it cannot change the loan allocation at the intensive margin. This problem ensures that

we are comparing the bank allocation with a government allocation equally constrained

by the program (instead of the constrained first-best), and thus that any difference comes

from banks’ incentives.

The problem of the government is to choose the probability lGj ∈ [0,1] to accept the

application from firm j, as in Eq. (8):

max
{lGj ∈[0,1]}

∫
Nj

[
lGj Φ

Γ
j (ϕ) + (1− lGj )ΦΓ

j (0)
]
dj s.t.

∫
Nj l

G
j dj =

M
ϕ

(8)

Distribution of firms/workers in the population. Note that so far we have used the

shorthand notation of dj to represent the integral over the distribution of firms, but we

haven’t defined how types of firms are present in the population. To provide clarity, we

discuss what is implicitly behind this notation. Let G(ρ,b,η,N ) be the joint distribution

of ρ,b,η,N in the population of firms. For any variable at the firm level that is not a

function of the number of employees, x(ρ,b,η), we can write:∫
Nx(ρ,b,η)dG(ρ,b,η,N ) =

∫
x(ρ,b,η)N (ρ,b,η)dG(ρ,b,η), (9)
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where N (ρ,b,η) ≡
∫
N
NdG(N | ρ,b,η). The term N is the average number of employees

of firms of a given type {ρ,b,η}, and it acts in our model as a shifter in the distribution

of firms of type {ρ,b,η}. What matters in our model is not the marginal distribution of

firms, but rather the marginal distribution of the firm variables at the job level. Thus,

our model can encompass various other channels highlighted in the literature that focus

on jobs and not firms, such as how firm survival varies by firm size (Bartlett and Morse

(2021)).

As in our model, the treatment effect Tj is not a direct function of Nj , and the resource

constraint is linear in it. The optimal allocation lGj is also not a function of Nj , where dj

in this case represents the integration of all firms of types {bj ,ρj ,ηj}j , with the cumulative

distribution of type j given by G(ρ,b,η)×N (ρ,b,η). Following the argument in Eq. (9), we

can write the problem of the government as Eq. (10)

max
{lGj ∈[0,1]}

∫
lGj Tj dj s.t.

∫
lGj dj =

M
ϕ
, (10)

where dj in this case represents the integration of all firms of types {bj ,ρj ,ηj}j with the

cumulative distribution of type j given by G(ρ,b,η) ×N (ρ,b,η), that is, the job-weighted

distribution, as in Eq. (9). The exact same argument can be made for everything that

follows in this paper, thus, in what follows, we leave the dependence on Nj implicit.

Importantly, our empirical application does incorporate treatment effect heterogeneity

for firms of different sizes. This can be reconciled with our theoretical setup by assuming

other firm characteristics, such as firms’ debt per worker b, financial position ρ, or their

exposure to the shock η, which are relevant determinants of Tj in our setup, correlate

with firm size. In other words, while Tj is not a direct function of Nj , it will nevertheless

be related to size as firms of different sizes have different underlying characteristics (e.g.

smaller firms are more levered, and thus are more financially constrained).

From Eq. (10), it is clear that the government wants to approve the applications of

firms with the highest treatment effect, that is the solution to the government problem is

to lend to firms with Tj ≥ T , where T is pinned down by the resource constraint. The key

question is, which firms are those in the case of the PPP? In the first result of Lemma 2,
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we show that for firms with the same η, the government wants to allocate loans to firms

with high levels of debt bj (or low ρi) if η < 1, and to firms with low levels of debt bi if

η > 1. If the shock is likely to be relatively small (η < 1), the government can try to save

the firms that have the lowest probability of survival, which are those with high levels of

debt per worker (ceteris paribus). On the other hand, for shocks that are most likely large,

the government prefers simply to allocate the loans to firms with relatively low levels of

debt, as those are the ones the government can still save in the face of the pandemic. The

insight here is that the treatment effects are a joint product of firms’ financial positions

and the nature of the shock distribution, and thus they do not have a distribution or

model-free ranking.

Lemma 2. Government PPP allocation.

Debt heterogeneity. Consider that all firms in the economy are equal except for their level of

debt bj ; that is, cj = c > 0, and ηj = η. The solution to Eq. (10) implies that ∃! b∗ such that: (i)

for η < 1, lGj = 1 if bj > b∗,G and lGj = 0 otherwise, and (ii) the opposite for η > 1.16

Shock exposure heterogeneity. Consider that all firms are equal except for their shock ex-

posure ηj ; that is, cj = c > 0. The solution to Eq. (10) implies that ∃! η
G
,ηG such that the

government chooses lGj = 1 if ηj ∈ [η
G
,ηG] and lGj = 0 otherwise.

In the second result of Lemma 2, we show that for firms with the same financial po-

sition cj , the government wants to allocate loans to firms with intermediate exposure to

the pandemic shock, that is, the treatment effects are inverse U-shaped in ηj . Intuitively,

the most affected firms won’t survive with the extra ϕ, while the least affected firms will

likely survive regardless, such that ϕ is too much to allocate to them (Gourinchas et al.

(2022)). Here, contrary to the constrained first-best, this is not a function of the total size

of the program, M, since the amount at the intensive margin that the government can

allocate to each firm is fixed. This second result of Lemma 2 is shown in Figure 3, where

we compare the optimal allocation of the government with that of the private banking

sector.
16Note that b∗,G is different if η is < or > than 1. Moreover, for lGj = b∗,G, the government is indifferent

regarding the allocation.
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III.4. Banks’ Optimal Allocation

We now focus on the private banking sector allocation in the PPP. As in the government

optimization problem Eq. (8), banks can choose to accept or reject applications from firms

to maximize their profits. We focus on the problem of a single representative bank.17

Banks receive positive profits from making more PPP loans and thus will make as many

loans as possible in the program. If the banks accepts a PPP application, there are two

possible scenarios. If the firm survives, the bank recovers bj of the current loan payments

and a present value of ψFbj + βj from potential future loans to this firm. This captures

the notion that lenders benefit from higher probability of issuing future loans to its rela-

tionship borrowers (Bharath et al. (2007)), and that firms with larger debt are more bank

dependent and will likely demand more future loans. The firm specific component βj

captures the notion that firms without any bank debt also present future lending oppor-

tunities to banks. If the firm does not survive, the bank receives a share δ ∈ (0,1) of the

current payments and no value from potential future loans to this firm. We allow for

the value of potential future loans to the firm to depend on current debt bj . The same

two scenarios of survival and bankruptcy are possible when the bank rejects the PPP

application. However, we additionally assume that if the firm survives after having its

application denied, there is a probability ψC < 1 that the firm switches bank providers.18

Finally, while applications for the PPP do not require firms to disclose the entirety of their

debt, each bank would know how much debt bj a firm owes to itself, therefore influencing

their incentives to lend to firm j, as incorporated in our model.

Let lBj,t ∈ {0,1} be the choice of a bank to approve the application of a firm. The profit

ΠB
j per firm j a bank receives is

ΠB
j ≡

[
ΦΓ
j (ϕ)

(
(1 +ψF)bj + βj

)
+
(
1−ΦΓ

j (ϕ)
)
δbj

]
lBj

+
[
ΦΓ
j (0)

(
(1 + (1−ψC)ψF)bj + (1−ψC)βj

)
+
(
1−ΦΓ

j (0)
)
δbj

]
(1− lBj ) (11)

17For a model with multiple banks and bank heterogeneity, see Joaquim and Netto (2022).
18For instance, see Peter Rudegeair, “When Their PPP Loans Didn’t Come Through These Businesses

Broke Up with Their Banks,” The Wall Street Journal, July 31, 2020. https://www.wsj.com/articles/when-
their-ppp-loans-didnt-come-through-these-businesses-broke-up-with-their-banks-11596205736.
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Simplifying the profit function and removing the constant terms, we can write the prob-

lem of the bank as

max
{lBj ∈{0,1}}

∫
Ωj l

B
j dj s.t.

∫
lBj dj =

M
ϕ
. (12)

where

Ωj ≡ Tj
[
(1− δ+ψF)bj + βj

]
+θjψC

(
ψFbj + βj

)
. (13)

The misallocation comes from Ωj , Tj , that is, the difference between the treatment

effect and profits from allocating PPP loans to a given firm.19 In our setting, there are two

channels through which profits of the banking sector deviate from the objective function

of the government, which we explore in Lemma 3.

Lemma 3. Banks’ PPP allocation.

Debt heterogeneity. Consider that all firms in the economy are the same except for their level

of debt bj ; that is, cj = c, and ηj = η. The solution to Eq. (12) is such that banks give preference

to firms with higher bj .

Shock exposure heterogeneity. Consider that all firms are the same except for their exposure

ηj . The solution to Eq. (12) implies that ∃! η
B
,ηB such that the bank chooses l∗,Bj = 1 if

ηj ∈ [η
B
,ηB] and l∗,Bj = 0 otherwise. Additionally, η

B
< η

G
and ηB < ηG; that is, banks distort

the allocation toward firms with a higher probability of survival without a PPP loan.

First, the banking sector already has a heterogeneous exposure from firms that have

outstanding loans and potential future loans to be made to this firm, which is captured

by (1 − δ +ψF)bj + βj . Everything else being equal, this implies that compared with the

government, banks allocate loans to firms with more pre-shock debt per worker.20 This

19One obtains Ωj , Tj , as firms without debt would have Ωj = 0 even if under the assumption that
PPP loans do not provide any benefits from lenders beyond their ability to recover bj (that is, if we set
ψF = βj = 0).

20Note that under the conditions of the first part of Lemma 3, Ωj is strictly increasing in bj . However,
if we take into account that bj can also enter into the probability of survival without PPP loans, Φj (0),
we can show that Ωj is hump shaped in bj . This means that compared with the government allocation,
banks want to allocate loans to firms with more debt but not necessarily to firms with the highest levels of
pre-pandemic debt, as the probability of survival for some of those firms is too small. We opt here for the
simpler statement of Lemma 3, as it captures the channels we want to highlight and is consistent with the
empirical evidence in Bartik et al. (2021).
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result is consistent with the empirical findings in the literature. In particular, Bartik et al.

(2021) show that conditional on the set of firms with a relationship with a bank (at the

extensive margin), banks approved more loans to firms with higher preexisting debt with

those banks at what the authors call a “striking magnitude."

Second, banks are also concerned about the probability of survival of the firms θj , as

those are clients that might switch banks if they do not receive PPP loans. This implies

that, everything else being equal, banks allocate loans with a higher probability of sur-

vival without a PPP loan. This incentive can be particularly perverse for the effectiveness

of the program, since the firms that do receive loans are exactly those that could have

survived without the loans. In the second result of Lemma 3, we show that the bank-

ing sector distorts the optimal government allocation toward firms with lower η’s and

thus a higher probability of survival without a PPP loan. We illustrate this second re-

sult of Lemma 3 in Figure 3. Intuitively, this result comes from the second term of Ωj

in Eq. (13), that is, the fact that banks also derive larger profits from firms that have a

higher probability of survival ex ante. This result is also consistent with the evidence in

the empirical literature, which finds that banks accept more applications from less dis-

tressed firms. For instance, Joaquim and Netto (2022) and Bartlett and Morse (2021) find

that firms that experience a revenue decrease in the COVID-19 crisis were more likely to

apply for, but less likely to receive, a PPP loan in the first round.

IV. Empirical Application: Firm Size Heterogeneity

In this section, we provide an empirical application of our model. Although our model

highlights several dimensions of firm heterogeneity, we focus in this section on firm size.

We do so because firm size is directly observed in the PPP data (while the other char-

acteristics we highlight are not) and there are various estimates of the treatment effects

of the program on firms based on their size. We extend our model to account explicitly

for the timing of loan disbursement in the program and introduce a welfare metric to

evaluate different allocations of the program’s funds. We compute the effects of the pro-

gram under four allocation mechanisms: (i) optimal allocation from the government; (ii)
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allocation by banks (that is, the observed one); (iii) random allocation; and (iv) allocation

based on firm size that allocates funds first to small firms. In our benchmark analysis,

we consider that each of these counterfactual allocations is constrained by the program

being able to disburse the same amount of dollars the PPP program disbursed each given

date in the data. Alternatively, we also consider a case where the constraint is based on

the number of loans made by the PPP at each given date in the data.

Our findings suggest that the the first round of the program is substantially less effec-

tive than it could otherwise have been due to the allocation of funds through banks. As

banks allocated funds to the largest firms early, and those are the ones with the smallest

treatment effects, the allocation of funds through banks performs worse than a random

allocation or one that favours smaller firms. The second round of the program, however,

was much more effective per dollar invested given the profile of the recipients, and we

find a small degree of misallocation by the end of the program in August of 2020. This is

a consequence of the fact that the supply of funds was larger than the demand for funds

by the end of the program, so every firm that was approved for a loan could obtain one.

PPP timing and welfare. So far, our model has focused explicitly on which firms receives

PPP loans at a given moment in time. Now, we take into account PPP timing in our

welfare computation. For that, we include a discount factor in the welfare function of the

government. This discounting is a reduced-form way to capture that the program is more

effective if firms have access to funds earlier. We calibrate this discount rate based on

Barrot and Nanda (2020), who show that a policy that accelerated government payments

to small businesses increased employment at the firm level. Mathematically, let lj,t = 1

if firm j receives a loan at time t ≤ T . The welfare of the government from allocation

l ≡ {lj,t}j,t is given by

W (l,T ) =
T∑
t

(1− ξ)t
∫
j
lj,tTjdj, (14)

where ξ ∈ (0,1) is a discount rate. We calibrate ξ = .0037 to match the evidence in Barrot

and Nanda (2020) that finds a 5.7 percent increase in employment for a payment of 100

percent of payroll 15 days earlier. This value of ξ implies that a loan allocated to a firm
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30 days later is approximately 90 percent as effective as a loan allocated today. Our mis-

allocation measure of an allocation l relative to the government optimal allocation l∗,G is

given by

M(l, l∗,G) =
W (l)−W (l∗,G)
W (l∗,G)

. (15)

We interpretM(l, l∗,G) as a reduction in program effectiveness. For instance, ifM(l, l∗,G),

the time-discounted treatment effect relative to the optimal policy, is –0.5, we interpret

this as the PPP being 50 percent less efficient than it could have otherwise been by that

time.

Empirical Estimates of the Heterogeneous Treatment Effect. We obtain estimates for

the treatment effect from Dalton (2021) and compare our approach to the estimates from

Autor et al. (2022a). Dalton (2021) uses the microdata from the Quarterly Census of

Employment and Wages (QCEW) and timing of receipt to recover the employment effects

of the program for firms of different sizes (1-10 employees, 10-50 employees, 50-100

employees, and more 100 employees). We use these estimates from Dalton (2021) as they

leverage a large, representative dataset on small business employment, thus allowing for

an analysis of the heterogeneous treatment effects of the program. We then combine these

estimates of treatment effects for firms of different sizes with data from the SBA/Treasury

release of loans made in the PPP (January 2023 version). More specifically, we take the

estimates from Dalton (2021), together with the underlying distribution of the number of

employees in the program, and do a piecewise linear interpolation to find the treatment

effects for firms based on their number of employees. The results are shown in Figure 4.

To understand how this approach compares to other estimates of size sensitive treat-

ment effects, we compare our estimates with the estimates from Autor et al. (2022b),

which complements Autor et al. (2022a) and uses an approach similar to Dalton (2021)

to compute the treatment effects for firms between 1-50 employees. Since all that matters

in the misallocation measure of Eq. (15) are relative treatment effects, we compare the ra-

tios of the treatment effects for firms with 1-50 employees to the overall recipients of the
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PPP in both papers.21 In Dalton (2021), firms with 1-50 employees have treatment effects

that are 30% larger than the average firm, while in Autor et al. (2022b) this number is

approximately 60%. Since our results highlight the misallocation coming from firm-size,

by following Dalton (2021) we are choosing the conservative estimate of the differences

in treatment effects.

Counterfactual policies. We start the analysis of counterfactual policies by considering

different allocations of PPP funds. First, we consider the observed allocation, which we

denote as the bank allocation l∗,B. Second, we consider the optimal government alloca-

tion under the PPP rules, l∗,G. Third, we consider the allocation of PPP loans when the

government allocates funds to firms following an increasing firm-size order (i.e., it starts

with the smallest firms), l∗,I . Finally, we consider a random allocation of PPP loans across

firms, l∗,R.

For a given objective function, we compute l∗t , the allocation that maximizes the objec-

tive function. For instance, for the problem of the government at time t, we compute l∗,Gt

as:

l∗,Gt = arg max
lt,j∈{0,1}

∫
lt,jT

emp
j dj s.t.

∫
lt,jNjϕjdt =Mt, (16)

where T empj = Tj×Nj is the effective treatment effect of firm j, ϕj is the per worker amount

of loans given to firm j, and Mt is the total amount distributed in the program until time

t observed in the data.

Results. We begin by looking at the average firm size on the optimal and the observed

allocations. Figure 5 panel (a) illustrates how the optimal allocation targets smaller firms

relative to the observed bank allocation. Since treatment effects decreases with firm size,

the government has incentives to prioritize small firms. Next, we compare the optimal

allocation with the observed bank based allocation and with the size-targeted allocation.

Panel (b) shows that at the end of the first round (vertical line), the misallocation from

allocating funds through banks is large—the program would have been 50 percent less

effective. A size-based policy would have reduced this misallocation by 45 percentage

points. At the end of the first draw, a size-based program would have been only 5 per-

21We opt for this ratio since it is the one we can compute for the two papers.
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cent less effective compared with the optimal allocation. During the first round, banks

targeted firms that were larger and less affected by COVID-19 and thus are far from

maximizing the effect of the program. As more funds are appropriated for the PPP in

late April, and eventually the supply of PPP loans exceeds demand, the role of banks in

the allocation of funds is reduced and the high-treatment-effect firms receive PPP loans.

Given the excess supply of funds by the end of the program, the misallocation by August

of 2020 comes from our discount factor, ξ, which captures misallocation due differential

timing of PPP loans, as analyzed by Doniger and Kay (2023).

Constraint on the Number of loans. So far we have focused on a volume constraint, that

is, banks and government must choose their allocation subject to a given dollar amount

of dollars that can be disbursed at a given moment in time. However, a volume constraint

might not be the relevant constraint faced by banks when approving loan applications.

For instance, if loans of different size are equally costly to process, allocations might be

constrained by the number of loans an intermediary can approve in a certain time period.

In Appendix C we discuss in detail the case where the allocation is constrained by the

number of loans, regardless of their volume.

When the allocation is constrained by the number of loans, the total treatment effect of

allocating a loan to a firm is their own treatment effect times the number of employees.

Therefore, even though treatment effects are decreasing in firm size, it pays off in our

calibration for the government to allocate funds to the largest firms early on (even more

so than what is observed in the data based on banks’ allocation). A random or size-based

allocation are inefficient relative to the banks’ allocation, as neither is able to reach a

large number of employees during most of the duration of the program. This exercise

illustrates that the optimal allocation is not only a function of the government’s objective

function, but also of the relevant constraint banks and the government face in the actual

implementation of the program.
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V. Extensions

In this section we consider two extensions to our baseline model. First, we discuss the

case where banks have an information and operational advantage relative to the govern-

ment. This introduces a tradeoff between allocating funds through private banks, which

are more operationally efficient and know firm fundamentals, and the government, who

minimizes misallocation. Second, we study the determinants of the optimal size of the

program. The optimal program size if banks are allocating the loans can be larger or

smaller relative to the optimal size of the program under the optimal allocation. The key

determinant is how large is the marginal cost of the additional dollar in the program. If

the marginal cost is large, then it is better to do a smaller program if banks are allocating

funds to avoid misallocation. If the marginal cost is low, then it is better to do a larger

program that offers loans to the majority of firms and thus reduces the misallocation

(which was the case of the PPP).

V.1. Asymmetric Information and Capacity Constraints

In the benchmark version of our model, banks and the government have the same infor-

mation and same ability to disburse loans. Therefore, there is no reason for the govern-

ment to intermediate the allocation through the private banking system. We therefore

augment our model so that banks have more information and can disperse loans more

quickly than the government, which is the core reasoning behind loan guarantee pro-

grams being intermediated by the banking system (e.g., Jimenez et al. (2022), Bartik et al.

(2021)). The key question we focus in this extension is under which conditions does it

make sense for the government to delegate the program to banks. We start with firms’

treatment effects and banks’ profits when lending to that firm as reduced form objects.

We do so for exposition purposes, and return to the relationship between these reduced

form objects and our microfounded model later on.

We augment our model in two ways. First, we introduce differential information be-

tween banks and the government. We assume that the government observes the true

treatment effect for a share of firms and a random treatment effect for the remaining
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firms. We suppose that the government observes for every firm j a signal T Gj of the true

treatment effect Tj . The signal is given by T Gj = Tj for a share µ of the population and

T̃j for a share 1 − µ, where T̃j is independent of Tj but has the same distribution. The

parameter µ ∈ [0,1] indicates the degree of asymmetric information: µ = 0 means that

the government has no information, while µ = 1 means that the government has the same

information as banks (as in our benchmark model). Second, we introduce the operational

capacity distortion. We assume that because of delays in the disbursement of funds by the

government, the treatment effects are only ι ∈ [0,1] as effective as they would otherwise

be.22, 23

We link the government and banks allocation as follows. Suppose that banks’ profits

by lending to firm j, Ωj , and firm j’s treatment effect, Tj , are identically distributed and

related with through the following equation:

Tj − T = ϱ(Ωj −Ω) + ϵj , (17)

where ϵj is a shock that satisfies E[ϵj |Ωj] = 0. The parameter ϱ is the correlation between

Ωj and Tj . This correlation ϱ thus captures the degree of misallocation in this reduced

form setting. For ϱ = 1, there is no misallocation: governments and banks have identical

incentives. For ϱ = −1, banks have exactly the opposite incentives as the government.

Our main result of this section is Lemma 4. We show that there is a cutoff ι∗ such

that if the government has sufficient information (high µ) or the misallocation problem

is low (high ρ) the government prefers to allocate loans through banks. Information and

operational capacity are substitutes in this setting. If there are no costs of delay (ι = 1),

then the government delegates the program to banks if, and only if, ϱ > µ. In words,

this condition means that the government delegates the program to banks if the degree

of misallocation is lower than then degree of information asymmetry.

Lemma 4. Delegation versus misallocation: efficiency-information frontier. Let ι∗(µ;ϱ)

22Here we assume for simplicity that all of the loss of effectiveness and discounting happens through the
ι term, and not through a discount rate as in our empirical application.

23The evidence that this delay actually matters is Barrot and Nanda (2020), and Doniger and Kay (2023)
for the PPP.
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be given by:

ι∗(µ,ρ) =
(1− ρ)mT + ρE[T |T ≥ T ]
(1−µ)mT +µE[T |T ≥ T ]

(18)

where mT is the average treatment effect in the population. Then, if ι < ι∗(µ;ϱ), the government

prefers to allocate PPP loans through banks.

One additional result that can be easily derived from Lemma 4 is that if Tj and Ωj

are normally distributed, a higher variance in firms’ treatment effects implies that it is

more likely for the government to delegate the program to the banks only if ϱ > µ, that

is, if there is less misallocation than asymmetric information. The average effect of the

program across all firms would not matter in the delegation decision. Intuitively, if there

is more variation in treatment effects, the cost of delaying the program is relatively lower

than the cost of the allocation deviating from the optimal. In this case, more variation in

treatment effects implies that the best choice between allocating funds through the banks

or directly by the less informed government will move towards whichever is closer to the

optimal.

So far in this extension we have focused in the case where treatment effects and banks’

profits are reduced form objects related by Eq. (17). In our microfounded model, how-

ever, we have from Eq. (13) that we can write (up to a normalization):

Ωj = αMbj ·
[
Tj +αθθj

]
+ [Tj +ψcθj] · βj (19)

for some constants αM , αθ > 0. Although there is no direct mapping between Eqs. (17)

and (19), our model allow us to understand what firms characteristics would generate

the disparity between Tj and Ωj . For instance, if most of the heterogeneity across firms

comes from pre-COVID debt, the relationship between Ωj and Tj will be weaker (and, de-

pending on the relationship between bj and Tj it can be negative). Similarly, if there is no

heterogeneity in pre-COVID debt, we have that a higher αθ increases the misallocation.

In our model, a larger probability of a firm switching banks in case the PPP application is

denied, ψC , is one of the factors that increases αθ. A higher chance of losing clients causes

banks to prioritize firms with larger ex-ante probability of survival, and thus moves the

banks’ and government objectives away from each other.
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The Efficiency-Information Frontier in the Empirical Application. Within the context

of our empirical application, we can compute the function i∗ at any point in time. We

do so for Figure 6 shows the efficiency-information frontier on April 16 and May 15,

2020. These two dates correspond, respectively, to the end of the first round and to the

point where 95% of the funds in the program had already been disbursed. On April 16,

even if the government had no information about firms’ treatment effects, that is, µ = 0,

and thus did a completely random allocation of funds, the government could still be 85

percent as efficient in disbursing the funds relative to banks and still it would be optimal

for the government not to delegate the disbursement of funds. On May 15, however, this

figure increases to 96 percent. At this point, most firms have already received loans in the

program, and thus the effects of misallocation and differences in information are muted.

This example highlights that the delegation decision is not independent of other program

characteristics such as program size, which we study next.

V.2. Optimal Program Size

So far we have taken the total amount available under the program, M, as given. In

this section, we discuss the implications of bank incentives for the optimal size of the

program. To do so, we suppose that there is an exogenous cost function that fully captures

the welfare cost of allocating extra dollars to the program given by cM
2 M

2. The problem

of the government is to choose a program sizeM that maximizes welfare, subject to either

the government or banks allocating the loans:

M∗P ≡ argmax
M

∫
lPj (M)Tjdj −

cM
2ϕ

M2, where P ∈ {G,B}, (20)

where P ∈ {G,B} denotes if the government or bank is allocating the loans, respectively,

and allocation lP (M) ≡ {lj}j is the optimal allocation of whichever party does the alloca-

tion. We analyze the difference between M∗G and M∗B, that is, the optimal program size

when loans are allocated through the government and when they are allocated through

banks.

The marginal benefit of increasing the program size is equal to the treatment effect
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of the marginal firm receiving a loan. Let T G(M) and T B(M) denote these firms under

the government and bank allocations, respectively. The M∗P that is a solution to Eq. (20)

satisfies Eq. (21), that is, equates the marginal cost with the marginal benefit of the

additional dollar allocated to the program.24

T P (M∗P ) = cMM
∗
P , P ∈ {G,B} (21)

We focus the analysis of optimal program size until May 2020 since after this point

the program is large enough and there is no excess demand for PPP loans. We plot the

difference T B and T G in our empirical example in Figure 7. In the first round of the

program (small M), T G(M) > T B(M): banks are allocating loans, at the margin, to firms

with lower treatment effects relative to the government allocation. This difference flips

by the end of the second round: banks, relative to the government, are allocating loans

to firms with higher treatment effects (since the government prioritized firms with high

treatment effects).

Combining Eq. (21) with our evidence in Figure 7, we can arrive at the following result:

If the marginal cost of raising funds is high (high cM), such that the optimal program size

when banks allocate loans is small (e.g., smaller than the first round of the PPP), we have

that M∗G > M
∗
B. At M∗B, the marginal firm entering the program through the government

allocation has a higher treatment effect than the marginal firm entering the program due

to bank allocation, and thus T G(M∗B) > T B(M∗B) = cMM∗B. The opposite is true if the cost of

the marginal dollar in the program is low (low cM). Intuitively, we have two competing

forces in establishing the optimal size of the program when banks allocate loans. On the

one hand, we have that funds are costly. On the other hand, as the program grows, the

effect of banks’ propensity to misallocate loans toward firms with low treatment effects is

reduced. The analysis shows that if the marginal cost is high, the former dominates, and

24Here we assume implicitly that the first-order condition of Eq. (20) in Eq. (21) is sufficient to character-
ize the global optimum. This assumption is true for the problem of the government, given that T G(0) > 0,
T G(M) is strictly decreasing in M and cMM is strictly increasing in M. For the problem of the bank, we are
implicitly assuming here that T B(0) > 0, that is, that the bank does not choose a firm with a zero treatment
effect (in case a firm with zero treatment effect exists), and that it crosses the marginal cost curve cMM once
and from above. This assumption is satisfied, for instance, if T B(M) is increasing or concave.
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if the marginal cost is low, the latter dominates.

VI. Other Pandemic Lending Schemes

We have so far focused on the PPP throughout the paper. However, debt relief policies

were implemented in several countries, and while each program’s rules are unique, there

are common characteristics across programs, and in how they differ from the PPP. For

example, Altavilla et al. (2022) describes how the EU Comission Regulation provided

overall guidance in terms of firm eligibility, aiming to exclude insolvent firms. Moreover,

guaranteed amounts often were partial and decreasing in firm size.25 In the context of our

model the main differences are: (i) the guaranteed amount can be partial and sensitive to

firm size; (ii) relief loans were not forgivable and had positive interest rates (rG > 0); (iii)

tighter solvency requirements were included, to prevent firms that were illiquid before

the pandemic from accessing relief funds (firms with cj < 0 could not apply). Throughout

this section, we illustrate how some of these changes could be included in our framework.

Size-dependent partial loan guarantees can be incorporated in the bank’s optimization

problem by assuming the bank recovers a fraction q(Nj) ≤ 1 of each loan in case of firm

default. This adds an additional term to Eq. (12) reflecting expected losses of providing

a loan conditional on firm default. This additional term implies banks can reject loan

applications if the added benefit in terms of repayment of existing debt is smaller than

the expected cost of losses in case of default. If q(Nj) is decreasing in Nj , banks will be

more likely to supply loans to smaller firms, conditional on then same amount of debt

per worker. If treatment effects correlate negative with firm size, as observed empirically,

then partial guarantees would reduce misallocation by directing funds for more affected

firms.

The other two differences, non-grant status and tighter eligibility criteria, would affect

firm choices, and are explored in more detail in Appendix D. Importantly, both require-

ments imply a smaller subset of firms would apply for relief loans. In this case, the

program would be larger relative to firm demand, further reducing misallocation, as il-

25See also Cirera et al. (2021), Core and Marco (2022), Jimenez et al. (2022) and Huneeus et al. (2022) for
programs with similar characteristics.
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lustrated by Figure 5. It would also imply a larger share of funds would flow to the most

affected firms, which is consistent with findings from empirical studies exploring other

COVID lending schemes (e.g. Altavilla et al. (2022)).

VI.1. Bank Lending Outside of the Program

One important caveat of our model is that we do not consider lending outside of the Pay-

check Protection Program. The reason we do so is that, given the rules and size of the PPP,

there was little incentive for banks to lend outside of the program. Li and Strahan (2022)

show that almost all of the growth in C&I lending during the period can be attributed

to PPP loans. On the other hand, different designs in other loan guarantee programs are

such that loans outside of the program are still made, and understanding the substitution

between loans made through the program and those outside of the program is key. Em-

pirically, several papers which explore other loan guarantee programs identify patterns

in how banks choose between guaranteed and non-guaranteed credit (e.g. Altavilla et al.

(2022), Jimenez et al. (2022)). They find that banks direct guaranteed loans to riskier,

more affected firms, firms were more likely to obtain guaranteed loans from banks with

whom they had larger exposures, and banks that participate more in guarantee schemes

gain market share.

Appendix E includes an extension of our baseline model in which we allow for guar-

anteed and outside lending to co-exist. For that, we modify our model in two ways: we

suppose that there is a limited amount of guaranteed loans that can be made, and that

banks can charge higher rates (and thus have higher profits) for loans made outside of

the program. In this setup, banks’ choice of providing guaranteed or non-guaranteed

loans hinges crucially on the probability of survival of firms to the pandemic shock. The

benefits of supplying guaranteed credit are greater for more affected firms, which is ex-

actly the opposite of what we find in the PPP. The intuition is that more affected firms

are likelier to default, thus making a guaranteed loan to them insulates the bank from

the credit risk. In the PPP, however, since all loans are guaranteed, this channel is not

present, and the value of the future relationship dominates in the allocation. Similarly to

the PPP, we find that banks are more likely to allocate funds to ex-ante indebted firms.
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More broadly, we show in Appendix E how including outside lending in our model can

match the key empirical findings from Altavilla et al. (2022) and Jimenez et al. (2022) for

loan guarantee programs implemented in Europe.

VII. Conclusion

In response to the COVID-19 crisis, the US government created the Paycheck Protection

Program, a large debt relief policy designed to preserve jobs in small and medium-sized

firms. In this paper, we develop a theoretical framework that incorporates the relevant

characteristics of the PPP to address three questions. First, we study what should have

been the optimal allocation of PPP loans from the perspective of the government. Second,

we highlight what distortions were caused by the allocation of these loans through the

banking system. Third, we discuss potential changes in the PPP that could have been

made to minimize the misallocation of funds. We find that the optimal allocation is not

trivial and depends on the nature of the shock and the design of the program. Banks have

incentives to distort the allocation to firms that have more debt outstanding from that

bank and are less exposed to COVID and/or more likely to survive any adverse shock.

Finally, we illustrate empirically how a small change—targeting smaller firms—would

have substantially reduced the distortions introduced by bank incentives. Misallocation

can be minimized by identifying how banks target firms with relatively smaller treatment

effects, and explicitly imposing requirements to ensure that funds flow to these firms

earlier. These are valuable lessons for policy makers when designing emergency lending

programs, which are now part of the crisis response toolkit.
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TABLES

Table 1: Summary Statistics of the Paycheck Protection Program

Apr-16 May-15 Aug-08
Loan Amount ($, Billions) 322.2 498.4 526.6
# Loans (,000) 1,619.7 4,209.7 5,147.6
Jobs Supported (Million) 33.2 57.3 61.1
Average Loan Size ($,000) 198.96 118.40 102.30
Average Jobs Supported 20.5 13.6 11.8
Top-4 Share - # Loans 0.03 0.18 0.17
Top-4 Share - Volume 0.05 0.13 0.13

Note: Data from the SBA/Treasury January 2023 release. Loan amounts (in billions of dollars) and number
of loans (in thousands) accumulated after the start of the program (April 3, 2020). See Figure 1 for details.
Average loan size is the ratio of the cumulative loan amount over the cumulative number of loans. Jobs sup-
ported were reported by the firms during the PPP application. The top four banks (by assets in December
2019) are (i) J.P. Morgan Chase, (ii) Bank of America, (iii) Wells Fargo, and (iv) Citibank, N.A.
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FIGURES

Figure 1: Cumulative PPP Disbursement over Time ($, Billions)

Note: Our primary source for data on the PPP comes from the SBA/Treasury). The data set includes
information self-reported by the borrower (name, address, Zip code, NAICS code and jobs supported)
as well as loan amount, approval date, and lender name. We analyze the loans made in the first draw or
the program (April 3 through August 8, 2020). No loans were made in the program from August 8, 2020
through January 11, 2021 (when the second draw of PPP loans began). The date of a loan is the date of
approval (according to the rules of the program, loans had to be disbursed within 10 calendar days of
approval). Billions of dollars of PPP loans approved by day, from April 3, 2020, (CARES Act) through
August 8, 2020 (modified deadline for second-round applications). Dashed horizontal lines represent the
cumulative capacity of the program.
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Figure 2: Small Business Pulse Survey: PPP Application vs. PPP Receipt (% of Firms)

Note: US-level data from the Small Business Pulse Survey (SBPS) collected weekly from April 26 through
June 21, 2020). In this figure, we show the percentage of firms that report applying and receiving PPP loans.
For details, see Buffington et al. (2020). The SBPS was designed to collect real-time information from small
businesses during the pandemic. According to the Census, the target populations is "all nonfarm, single-
location employer businesses with 1 to 499 employees and receipts of $1,000 or more". The blue line denotes
the percentage of firms that reported applying for a PPP loan. The yellow line denotes the percentage of
firms that reported receiving a PPP loan.
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Figure 3: Credit Allocation under the PPP: Firm Heterogeneous Shock Exposure (ηj)

η

Share of firms

η
G ηG

η
B ηB

Note: This figure is the visual representation of Lemmas 2 and 3. The solid blue rectangle is the government
allocation. The dotted red allocation is the banking sector allocation. The ηG’s are the lower and upper
bounds of the regions/sectors for the government, and the ηB’s are those for the banking sector.
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Figure 4: Firm Size and Imputed Treatment Effect

Note: This figure presents the estimates of the program’s treatment effect by firm size from Dalton (2021).
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Figure 5: Optimal, Observed and Alternative Policies: Firm-Size and Relative Effective-
ness

(a) Firm Size (b) Relative Effectiveness

Note: The optimal allocation is computed from the problem in Eq. (16). Panel A. Average firm size that
received (banks) or that would have received (government) a loan by a given moment in time. Panel B. The
welfare relative to the government’s optimal allocation, as in Eq. (15).
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Figure 6: Efficiency-Information Frontier on April 16 and May 15, 2020

Note: Efficiency-information frontier from Lemma 4, Eq. (18) on April 16 and May 15, 2020. Welfare
measures for Eq. (18) come from the use of Eq. (14) with the allocation given by Eq. (16) .
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Figure 7: Treatment Effect at the Marginal Firm

Note: This figure shows the treatment effect of the marginal firm when funds are allocated by banks or
the government. The bank problem solution is the observed allocation in the data. The counterfactual
government allocation is that given by Eq. (16).
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Appendix

A. Proofs and Derivations

A.1. Lemma 1

Proof. Let λ be the Lagrange multiplier on the constraint that
∫
Njω

G
j dj =M. Taking the

FOC of Eq. (5) w.r.t. ωGj

Njφ
[
Γ
(
ωGj

)]
·
∂Γj

∂ωGj
−Niλ = 0⇒ φ

[
Γ
(
ωGi

)]
= φ

[
Γ
(
ωGj

)]
, ∀i, j,

where we use that
∂Γj
∂ωGj

= 1 of the last equation. Let λ̃ ≡ λ · cη0 . Using the equation for the

distribution φ(ν) in Eq. (2):

ηj
[
cj +ωG,∗j

]η−1
− λ̃ = 0⇒ωG,∗j =

(
λ̃
ηj

) 1
ηj−1

− cj ⇒M + c =
∫
Nj

(
λ̃
ηj

) 1
ηj−1

dj, (22)

where the last equality comes from integrating Njω
G,∗
j across firms to solve for λ. This is

the unique global maximum of the problem, as the constraint is linear and the objective

function is strictly concave.

Note that the RHS is (i) strictly decreasing in λ̃ since ηj < 1, (ii) goes to infinity with

λ̃→ 0, and (iii) goes to zero with λ̃→∞, so there is always a unique solution for λ̃ from

Eq. (22). We can use (22) in the individual firm j equation to obtain:

Njω
G,∗
j =M −

[
Njcj − c

]
+Nj

(
λ̃
ηj

) 1
ηj−1

−
∫
Nj

(
λ̃
ηj

) 1
ηj−1

dj. (23)

Thus, we have that Njτ(ηj , M) ≡Nj
(
λ̃
ηj

) 1
ηj−1
−
∫
Nj

(
λ̃
ηj

) 1
ηj−1

dj. Therefore:

∂ωG,∗j
∂ηj

=
∂τ(ηj , M)

∂ηj
= −

(
λ̃
ηj

) 1
ηj−1 1

(ηj − 1)2

[
ln(λ̃) + 1− 1

ηj
− ln(ηj)

]
. (24)
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Let f (η) = 1− η−1 − ln(η). We know that f (1) = 0 and f
′
(η) = η−2 − η−1. Thus, f (η) < 0

for η < 1.

Case 1. If λ̃ < 1, we have that
∂ωG,∗i,j
∂ηj

> 0. To see this, note that f (ηj) < 0 and ln(λ̃) < 0, thus

in Eq. (24) the RHS is positive. For λ̃ < 1, we need M + c >
∫
Nj

(
ηj

) 1
1−ηj dj.

Case 2. if λ̃ > 1, we have that
∂τ(ηj , M)
∂ηj

is positive for ηj < η̄ < 1 and negative otherwise (that

is, the transfer function τ is concave in ηj). To see this, note that limη→0+ f (η)+ln(λ̃) = −∞,

f (1) + ln(λ̃) > 0 and f (η) + ln(λ̃) always increasing. Therefore, by the intermediate value

theorem, we have that ∃! η̄ < 1 s.t.
∂τ(ηj , M)
∂ηj

> 0 ⇔ ηj < η̄. For λ̃ > 1, we need M + c <∫
Nj

(
ηj

) 1
1−ηj dj. ■

A.2. Lemma 2

Proof. Let G({lGj }j) be the Lagrangian of the problem of the government in Eq. (8). The

derivative of the Lagrangean G(.) with respect to lGj , that is, the marginal allocation

Gl ≡
∂G

∂lGj
= Tj −ϕλ,

where λ is the Lagrange multiplier in the resource constraint.

Case 1. Debt heterogeneity. Consider that all firms in the economy are the same except

for their level of debt bj . Then:

Tj = c
−η
0

[
ρ − bj +ϕ

]η
− c−η0

[
ρ − bj

]η
⇒
∂Tj
∂bj

= −c−η0 η
([
ρ − bj +ϕ

]η−1
−
[
ρ − bj

]η−1
)
.

For η < 1, Tj is thus increasing in bj . For η > 1, Tj is decreasing in bj .

Case 2. Shock exposure Heterogeneity. Consider that all firms are the same except for

their shock exposure ηj . Define c̃ ≡ c
c0

and ϕ̃ ≡ ϕ
c0

. Then:

∂Tj
∂ηj

= (c̃+ ϕ̃)ηj · ln(c̃+ ϕ̃)− c̃ηj ln(c̃) > 0⇔ (c̃+ ϕ̃)ηj · ln(c̃+ ϕ̃) > c̃ηj ln(c̃) .
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Which implies:

ηj ln
(
1 +

ϕ

c

)
+ ln(− ln(c̃+ ϕ̃)) < ln(− ln(c̃))⇔ ηj < η

∗
G ≡

ln
( ln(c̃)

ln(c̃+ϕ̃)

)
ln(1 + ϕ

c )
> 0.

Therefore, Tj is strictly increasing up to η∗G > 0 and strictly decreasing afterward. The

optimal allocation is thus lGj = 1 if ηj ∈ [η
G
,ηG], where Tη = Tη and

∫ ηG
η
G

ϕdj =M, which (i)

exists, since the resource constraint is binding and (ii) is unique, since Tj is quasi-concave

in ηj . ■

A.3. Lemma 3

Proof. We will proceed as in the proof of Lemma 2. Let B({lBj }j) be the Lagrangian of

the problem of the government in Eq. (8). The derivative of the Lagrangean of B(.) with

respect to lBj , that is, the marginal allocation

Bl ≡
∂B

∂lBj
= Ωj −ϕλ,

where λ is the Lagrange multiplier in the resource constraint.

Case 1. Debt heterogeneity. When firms are heterogeneous only in bj , we have
∂Ωj

∂bj
=

Tj(1 − δ + ψF) + θjψCψF > 0; that is, banks want to allocate loans to the firms with the

highest levels of pre-pandemic debt per worker.

Case 2. Shock exposure heterogeneity. Consider that all firms are the same except ηj .

Then:
∂Ωj

∂ηj
=

[
κ (c̃+ ϕ̃)ηj · ln(c̃+ ϕ̃)− (κ − ψ̃)c̃ηj ln(c̃)

]
,

where κ ≡ (1− δ+ψF)b+ β and ψ̃ ≡ ψC(ψFb+ β). Therefore

∂Ωj

∂ηj
> 0⇔ (c+ ϕ̃)ηj · ln(c̃+ ϕ̃) >

[
1−

ψ̃

κ

]
c̃ηj ln(c̃)
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Which implies:

ηj ln
(
1 +

ϕ

c

)
+ ln(− ln(c̃+ ϕ̃)) < ln

(
−
[
1−

ψ̃

κ

]
ln(c)

)
⇔ ηj < η

∗
B ≡

ln
([

1− ψ̃κ
]

ln(c̃)
ln(c̃+ϕ̃)

)
ln(1 + ϕ

c )

since ψ̃ < κ.

Therefore, Bj is strictly increasing up to η∗B > 0 and strictly decreasing afterward. The

optimal allocation is thus lBj = 1 if ηj ∈ [ηB,ηB], where BηB
j

= BηBj and
∫ ηB
η
B

ϕdj = M, which

(i) exists, since the resource constraint is binding and (ii) is unique, since Bj is quasi-

concave.

Finally, we will show that: ηB < ηG and η
B
< η

G
. By contradiction, assume that ηB ≥ ηG.

In this case, ηB ≥ ηG (from the resource constraint). The strategy of the proof is to take an

alternative η smaller but sufficiently close to η
G

and show that the profit at this point is

higher than at ηG. The Tj at this point will be closer to a point at ηG, but the probability

of survival will be much higher, and thus this point will offer a much higher profit for

the bank. Mathematically, given that Tη is a continuous function at η > 0, we have that

∀ ε > 0, ∃ ζ > 0

|η − η
G
| < ζ⇒ |Tη − Tη

G
| < ε

Take ε < κ−1ψ̃
[
Φη

G
(0)−ΦηG(0)

]
. Then, there ∃ η = η

G
− ζ, with ζ > 0 such that:

κTηG + ψ̃ΦηG(0) = κTη
G

+ ψ̃ΦηG(0) < κTη + ψ̃Φη
G

(0) < κTη + ψ̃Φη(0).

Therefore, ηB ≥ ηG cannot be optimal for the bank. ■

A.4. Lemma 4

Proof. The government prefers to allocate loans instead of delegating to banks if

ι [(1−µ)mT +µE[T |T ≥ T ]] > [(1− ρ)mT + ρE[T |T ≥ T ]] (25)

The left hand side comes from the welfare under the government allocation. Since Tj

and T Gj have the same distribution, the problem of the government is the same and it
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allocates funds based on the signal as it would allocate based on types in the benchmark

problem. The right hand side of the equation comes from the analogous version of the

bank problem and the assumption that Tj and Ωj are identically distributed, and thus

E[T |T ≤ T ] =E[Ωj |Ω ≤Ω]. Therefore, we can define ι∗(.) as:

ι∗(µ,ρ) =
(1− ρ)mT + ρE[T |T ≥ T ]
(1−µ)mT +µE[T |T ≥ T ]

(26)

■

B. Constrained First-Best: Extensions

B.1. Example of Constrained First-Best with ηj > 1.

Suppose that there are two equally present types of firms in the economy, H and L. All

firms have zero pre-pandemic profits πj = 0. However, each firms has its own ηF , F ∈

{L,H}, with ηH > ηL. Let the total amount of the program be M = 1. The CFB problem in

this case can be written as:

max
d∈[0,1]

dηH + (1− d)ηL

For ηH > ηL > 1, this function is maximized with d = 0 or d = 1. The government in this

case is indifferent to choice between allocating loans to the most or least affected firms.

■

B.2. Super and Submodular Distributions

Let νj ∼ Υ (πj +ωj ,θj), where θj ∈Θ, a complete lattice, parameterizes the distribution Υ

and can be different across firms and that, as in the text, a higher θ implies that a firm

is more affected, that is, the distribution parametrized by a higher θ first order stochas-

tically dominates that characterized by a lower θ. Take j, ĵ such that θ > θ̂. Let ω∗, ω̂∗ be

candidates for an optimum for these two types.

Suppose by contradiction that for ω∗ ≤ ω̂∗. For the strict inequality, since Υ is strictly
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supermodular

Υ (ω̂∗,θ)−Υ (ω∗,θ) > Υ (ω̂∗, θ̂)−Υ (ω∗, θ̂)⇔ Υ (ω∗,θ) +Υ (ω̂∗, θ̂) < Υ (ω̂∗,θ) +Υ (ω∗, θ̂)

For the case where ω∗ = ω̂∗, ∀ε > 0: Υ (ω∗ − ε,θ) +Υ (ω∗ + ε, θ̂) < Υ (ω∗ + ε,θ) +Υ (ω∗ − ε, θ̂).

The same argument applies for the submodular case. ■
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C. Constraint on the Number of Loans

Throughout the paper and in our empirical exercises, we considered that the allocation

of PPP loans is constrained by the total amount that can be disbursed, that is, we used

the following constraint: ∫
ljdj =

M
ϕ

This might not be the relevant constraint faced by banks or the government when approv-

ing loan applications. For instance, it can be the case that the constraint is that the system

that receives applications can only accept a number of applications per day (regardless

of the volume). In this case, if loans of different sizes are equally costly to process for the

bank, the key constraint in the allocation problem is the number of loans. Mathemati-

cally, then, we would have that the problem of the government

max
lG,#j ∈[0,1]

∫
NjTj l

G,#
j dj s.t.

∫
lG,#j = L (27)

where we use the superscript # to denote the problem based on the number of loans

and L denotes the maximum number of loans that can be made. The integration here

is done over the distribution of firms, that is, the joint distribution of ρ,b,η,N , and not

the distribution of workers (as we do in the benchmark version of our model in the main

text). We can define an analogous problem for banks by replacing Tj with Ωj .

This change in the constraint does not affect the results of Lemmas 2 or 3 if we compare

two firms of the same size. An additional result that would come in this formulation,

however, is that everything else constant (that is, same b, c, η), both the banks and the

government would prefer to allocate funds to larger firms first. This is a consequence

of the fact that with the same b, c, η, firms would have the same treatment effect per

employee and thus the larger firm would have a larger effect on total employment. In

our benchmark model, this does not happen as lending to the larger firm would require

a larger amount, while here the constraint is based on the number of loans.

We perform the same empirical exercise under this alternative formulation. The re-

sults are shown in Figure C.1. Panel (a) shows that the optimal allocation prioritizes large
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firms. Even though treatment effects are decreasing in firm size, it pays off in calibration

to prioritize large firms if the government is restricted by how many applications it can ac-

cept, since by doing so the program would reach the largest number of employees. Panel

(b) shows that the banks’ allocation performs relatively better relative to the random and

size-based allocations now. The use of an alternative constraint allows us to illustrate an

important point: the magnitude of the misallocation depends on what are the constraints

the government and banks face when screening and approving PPP applications. Alloca-

tions constrained by total amount internalize the fact that applications from larger firms

are “more expensive” as they apply for larger amounts, while allocations from small firms

are “less expensive”, as they apply for smaller amounts. Conversely, an allocation based

on the number of loans effectively each PPP application has the same processing cost,

regardless of firm size.

Figure C.1: Optimal, Observed and Alternative Policies: Constraint given by the Number
of Loans

(a) Firm Size (b) Relative Effectiveness

Note: This Figure is equivalent to Figure 5 in the main text. The difference is how we compute the govern-
ment allocation. Instead of solving Eq. (16), we solve the dynamic version of Eq. (27) for the government.
Panel A. Average firm size that received (banks) or that would have received (government) a loan by a given
moment in time. Panel B. The welfare relative to the government’s optimal allocation, as in Eq. (15).
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D. Firms’ Choice

In this appendix we discuss firms’ choice in applying for the PPP and the amount they

apply for in the program. Suppose that applying for the PPP has a fixed cost of F, and

firms either choose to apply (aj = 1) or not (aj = 0) for the program. Each firm also

chooses ωj , the amount it applies for from the program per worker, subject to a program

limit based on the firm’s current employment level of ϕNj .

A firm that borrows ωj from the PPP wants to survive the pandemic if

νj < cj − rGωj +πLRj ≡Πj(ωj),

where πLRj is the perpetuity value of long-run profits of the firm, and Πj is the total

profit of the firm (both per worker). We assume that all firms that can survive want to

survive—that is, Γj ≤Πj , ∀j.26 Note that this assumption does not prevent the existence

of zombie firms in our model. It is possible to have firms that are not profitable without

PPP funds surviving due to the program. For example, consider that πLRj = 0 and rG = −1,

such that Γj = Πj = cj +ωj . We can have a firm where cj < 0 and cj +ϕ > νj as long as the

program is sufficiently generous; that is, ϕ > νj − cj .

The problem of the firm is given by (28), where each firm chooses to apply or not apply

for the program (aj ∈ {0,1}), and the amount to request from the program (ω ∈ [0,ϕ]) is:

max
a∈{0,1},ω∈[0,ϕ]

∫ Γj (aω)

0
Nj

[
Πj(aω)− ν

]
dΦ(ν ; ηj). (28)

In (28), we assume that the firm chooses ωj before observing the realization of νj ,

which is consistent with the fact that the firm does not know the extent of the pandemic

or of its own exposure to it ex ante, but it knows the distribution of shocks it can face.27

The objective function of the firm can be rewritten as (29). The expected profit is given

26Lending programs are designed as short-term sources of finance for these firms, such that it is expected
that πLRj ≥ (1 + rG)ϕ.

27This is a reasonable assumption given the uncertainty regarding the depth and duration of a pandemic.
For instance, in a survey of more than 5,800 small businesses, Bartik et al. (2020) show that there is sub-
stantial disagreement on the expected duration of the COVID-19 crisis across small businesses, and the
reported levels of confidence in their expected duration is low.
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by the probability of survival multiplied by the expected profit conditional on survival,

minus the application cost (if the firm chooses to apply):

max
ω∈[0,ϕ],a∈{0,1}

Φj (aω)︸  ︷︷  ︸
Prob. Survival

·
[
Πj(aω)−E

(
νj | νj ≤ Γj(aω)

)]
︸                                ︷︷                                ︸

Expected Profit

− aF. (29)

In (29), the problem of the firm is to balance borrowing to increase the probability of

survival with reduced profitability in the future and the application cost.

All else being equal, firm j is more likely to apply for the program if (cj + πLRj )Tj is

higher, that is, if the increase in expected profits is higher. Additionally, applying for the

PPP increases the expected cost to be paid in terms of survival, that is, E
(
νj | νj ≤ Γj(ϕ)

)
>

E

(
νj | νj ≤ Γj(0)

)
, and the loan will have to be repaid at rG. We characterize the subset of

firms that apply in Lemma 5:

Lemma 5. Firm’s Choice in the PPP. If rG ≤ 0, then all firms apply for the maximum amount

of PPP funds; that is, ω∗j = ϕ. Firms apply for the PPP (a∗j = 1) if:

TjΠj(0)− TjE
[
νj | νj ∈ [Γj(0),Γj(ϕ)]

]
−Φj(ϕ)rGϕ >

F
Nj
. (30)

For the distribution in (31)[
1

ηj + 1
cj +πLRj

]
Tj −Φj(ϕ)

(
ηj

ηj + 1
+ rG

)
ϕ >

F
Nj
. (31)

Proof. See the end of this section. ■

We solve the problem in steps. First, consider a firm that has chosen to apply for the

program. If the interest rate rG is too high, then the firm does not want to borrow from

the program, as ΠLR
i is decreasing and linear in rG, and thus ω∗j = 0. On the other hand,

if rG ≤ 0 - as it is the case in the PPP given the implicit grants in the program - then bor-

rowing increases the probability of survival and increases profits in the future. Therefore,

conditional on applying, ω∗i = ϕ. Second, a firm applies for the program if the benefits

of applying are larger than the fixed cost F as in (30). Using our specific distribution,
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this can be written as (31). Intuitively, firms with more workers (Nj) apply more often

given a smaller per-worker cost of applying. This is consistent with survey evidence from

Neilson, Humphries and Ulyssea (2020), who show that small businesses were less likely

to be aware of, and apply for, in the first days the PPP program. We do not focus on this

dimension in our paper since this differential application evidence quickly disappears by

the end of the first week of the program.

Other relief programs and firm choice: As discussed in section VI, other COVID-19

lending schemes had RG > 0 and prevent firms with cj < 0 from applying. Firm choices in

this alternative setup would be affected in two ways: First, rG > 0 can change the choice

of optimal amount in case a firm decides to apply. In particular, if rG is sufficiently large,

then the maximization problem described by Equation 28 when a = 1 has a interior solu-

tion ωj ∈ (0,ϕj). Second, and more importantly, imposing cj > 0 implies a smaller subset

of firms would apply for guaranteed loans. Relative to the PPP the expected treatment

effect Tj of firms who apply for guaranteed loans would be smaller than the expected

treatment effect of firms who apply to PPP loans when η < 1. Additionally, firm eligi-

bility constraints put a boundary on how indebted is the subset of firms that apply for

guaranteed loans, reducing distortions introduced by bank incentives.

Proof of Lemma 5. First, we show the following auxiliary result. For the distribution in

Eq. (2), we have that E [ν | ν ≤ X] = η
η+1X

E [ν | ν ≤ X] =
(
X
c0

)−η ∫ X

0
ηt

1
c0

(
t
c0

)η−1

dt = (X)−η η
∫ X

0
tηdt = X−ηη

Xη+1

η + 1
=

η

η + 1
X

Our proof proceeds in two steps. First, we consider the case where a = 1 (firm applies),

and then compute the amount of funds in the application, ω. Then, we focus on which

firms choose to apply.

Step 1: Choice of ω given a = 1. From the problem of the firm in Eq. (28), we can take

the FOC w.r.t. ω when a = 1 to obtain

φj(ω) ·
[
Πj(ω)−

ηj
ηj + 1

Γj(ω)
]
−Φj(ω) · rG > 0,
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from Φj(ω) ≥ 0 and Πj(ω) > Γj(ω) >
ηj
ηj+1Γj(ω).

Step 2: Choice of a. From the firm objective function in Eq. (29), a firm chooses to apply

if

Φj(ϕ)
(
Πj(ϕ)−E

[
νj | νj ≤ Γj(ϕ)

])
−Φj(0)

(
Πj(0)−E

[
νj | νj ≤ Γj(0)

])
>
F
Nj

Therefore, a∗j = 1 if :

TjΠj(0)−Φj(ϕ)rGϕ −
∫ Γj (ϕ)

Γj (0)
νdΦ(ν | ηj) >

F
Nj
,

which delivers Eq. (30). Using the distribution in Eq. (2):

TjΠj(0)− TjE
[
νj | νj ∈ [Γj(0),Γj(ϕ)]

]
= (cj +πLRj )Tj −Φj(ϕ)

ηj
ηj + 1

(cj +ϕ) +Φj(0)
ηj

ηj + 1
cj ,

(32)

which delivers Eq. (31). ■
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E. Bank Lending Outside of the Program

We extend our model to allow banks to lend to firms outside of the program. The main

idea of developing this extension to illustrate the flexibility of our framework and how it

can account for the empirical findings in other loan guarantee programs, and, therefore,

can be used to study the optimal allocation of relief funds in various settings. In particu-

lar, we focus on three key findings in Jimenez et al. (2022) for the loan guarantee program

implemented in Spain after the pandemic:

1. Firms that were riskier and more affected by the pandemic were more likely to

receive a loan through the loan guarantee programs and part of this increase was

due to substitution of pre-pandemic non-guaranteed loans.

2. Firms are more likely to obtain a guaranteed loan from banks to which they have

larger pre-COVID exposures.

3. Banks that participate more in the public credit guarantee scheme gain market

share.

Note that the first two findings are the opposite of what the empirical literature docu-

ments in the PPP. PPP loans were allocated first to larger firms in the less affected sectors

and areas in the economy. This extension shows that loans made outside of the loan-

guarantee program can account for this difference.

For simplicity and exposition purposes, we make various simplifying assumptions that

could be relaxed in an in-depth analysis of any specific program. First, we assume that

a bank can make a loan to firms in the program or outside of the program, but not both,

and that the loan size in either case is the same and exogenously determined. Second,

we assume that the bank receives applications for both guaranteed and non-guaranteed

loans and it is again only accepting or rejecting them (that is, the loan characteristics such

as rates, maturities, etc.. are not endogenously determined). Let G denote a guaranteed

loan and NG non-guaranteed loan, and let ΩG
j and ΩNG

j be the bank profit at lending to

firm j under each alternative, respectively. We return to the link between ΩG
j and ΩNG

j

with our benchmark model after discussing the solution to the bank problem.
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The extended problem of the bank is given by

max
{lGj ,l

NG
j }j

∫
ΩG
j l
G
j dj +

∫
ΩNG
j lNGj dj (33)

subject to ∫
lGj dj ≤M

G and
∫
lNGj dj ≤MNG, (34)

and

lGj + lNGj ≤ 1, (35)

where lGj , l
NG
j ∈ {0,1} indicate whether a bank allocates a guaranteed or non-guaranteed

loan (or neither) to firm j, and MG and MNG are the exogenous amount of loans the bank

wants to make in each category.

Our comparative statics exercise will be the introduction of a loan guarantee program.

Following this introduction, both MG and MNG will adjust. Before the program, we have

that MG,pre = 0 (no program) and denote the amount of lending as MNG,pre. Post-COVID,

we have thatMG,post > 0 andMNG,post <MNG,pre, but the total amount of lending after the

program is such that MNG,post +MG,post > MNG,pre, that is, there is partial, but not com-

plete, substitution between guaranteed and non-guaranteed lending, as in the empirical

evidence of Jimenez et al. (2022) and Altavilla et al. (2022).

The solution of the problem of the bank can be easily summarized in Figure E.1. For

each firm, let ∆j = ΩG
j −Ω

NG
j . Without the government guarantee program, the bank

simply chooses a cutoff ΩNG,pre and lends to those firms above this cutoff. These are

the firms in the blue are in panel (a). With the program, the banks chooses a point

(ΩNG,post,ΩG,post) such that if ΩG
j ≥ ΩG,post or ΩNG

j ≥ ΩNG,post. The loan to firm j is

guaranteed if ∆j ≥ ∆, where ∆ ≡ ΩG,post −ΩNG,post is a function of the underlying firm

distribution and MG and MNG. Firms in the blue are in panel (b) get a non-guaranteed

loan, while firms in the red are get a guaranteed loan.28

28To see that this is the solution of the bank problem there are two steps. First, note that if j gets a
non-guaranteed loan, then all firms k such that ΩNG

k > ΩNG
j should also have gotten a non-guaranteed

loan (and similarly for guaranteed loans). Second, within the set of firms that receive a loan, the bank is
indifferent between allocating a guaranteed and non-guaranteed loans to firms in a line defined by ΩNG =
ΩG + constant. Putting both together, we get the solution in Figure E.1.
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Figure E.1: Credit Allocation With and Without the Loan Guarantee Program

(a) Without the Program

ΩG
j

ΩNG
j

ΩNG,pre

(b) With the Program

ΩG
j

ΩNG
j

ΩNG,pre

C
A

B

ΩNG,post

ΩG,post

Note: This figure is the visual representation of the banks’ optimal allocation with and without a loan
guarantee program. The firms in the blue area are those that receive non-guaranteed loans. The firms in
the red area are those that receive guaranteed loans.

To understand which firms are those with high or low ΩG
j and ΩNG

j , we now return

to the relationship between these objects and our benchmark model. Suppose that the

bank changes rNG on non-guaranteed loans and rG on guaranteed loans, with rNG > rG,

exogenously determined.29 We can write ΩG
j and ΩNG

j as

ΩNG
j = Ωj +ϕrNG − (1−ΦΓ

j (ϕ))(1− δ)ϕrNG and ΩG
j = Ωj +ϕrG (36)

where Ωj is as given in Eq. (13), ϕ is the loan size and δ is the recovery share in the

case of default, as in the main text. In the PPP, banks do not fund or keep the risk of

any given loan, so their objective function depends only on firm characteristics (such as

debt, risk, how affected these firms are by COVID etc.). In this extension, the profit of

the bank depends on the same channels as it did in the PPP, but it also depends on the

repayment of the guaranteed or non-guaranteed loans. For a non-guaranteed loan the

bank can charge a higher rate rNG, but faces the risk of default, given by the probability

of default times the unrecovered share of the loan. For a guaranteed loan the bank can

29We discuss how the choice of interest rates affect firms’ odds of applying for different programs in
Appendix D.
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charge a lower rate rG, but does not face any risk of default.

This framework accounts for the three empirical findings we highlighted at the begin-

ning of this section. As in our benchmark model, we keep all but one firm characteristic

constant and evaluate differences in allocation based on the heterogeneity over this char-

acteristic. For two firms j and k we say that j is more likely to receive a guaranteed loan

if ∆j > ∆k. This condition is trivially sufficient if we condition on firms that received a

loan after the implementation of the program (that is, highlighted in Panel (b) of Figure

E.1). This is the case in our setting, since only firms that receive a loan in Panel (b) would

be in a hypothetical empirical sample. Firms that do not received a loan after the imple-

mentation of the program also did not receive a loan before its implementation, and thus

wouldn’t show up in the credit registry in either period.

First, we study firms that are heterogeneously affected by the pandemic or that have

different baseline financial conditions. suppose that firms j and k have the same total

debt (same b), the same financial conditions (same c), but firm j is more affected by the

pandemic, that is, ηj > ηk. In this case, we have that

∆j −∆k = (1− δ)ϕrNG
[
ΦΓ
k (ϕ)−ΦΓ

j (ϕ)
]
> 0 (37)

and, therefore, firm j is more likely to receive a guaranteed loan relative to firm k. The

argument is the same if we instead assume that j and k are equally affected by the pan-

demic (same η), but j has worse financial conditions at the moment of the shock, that is,

cj < ck. As in the empirical findings of Jimenez et al. (2022) and Altavilla et al. (2022),

part of this channel is through substitution of pre-pandemic non-guaranteed credit (area

A in Figure E.1b) and part of it is the inclusion of new firms (area B in Figure E.1b).

Second, we study the role of within-firm bank heterogeneity. Suppose that firms j and

k have the same financial conditions (same c), are equally affected by the pandemic (same

η), and have the same level of total debt (b). Although we have so far focused on the case

of a representative bank, we need to introduce some extra notation to account for the

second empirical fact. Let bAj and bBj be the debt of firm j with bank A and B, respectively,

such that bj = bAj +bBj . Suppose, additionally, that banks A and B are identical: they make
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the same amount of loans in and out of the program to the same pool of clients, their only

difference is the share of loans they make to specific firms. In the bank problem, the total

amount of debt enters in the probability of survival function, Φj(.), but only bBj enters as

the pre-COVID bank exposure to this firm. In this case, we have that if bAj > b
A
k , and ,

thus, bBj < b
B
k

∆Aj −∆
A
k = constant ·

[
bAj − b

A
k

]
> 0 and ∆Bj < ∆Bk (38)

and, therefore, firm j is more likely than firm k to receive a guaranteed loan from bank

A. Thus, firms are more likely to obtain a guaranteed loan from banks to which they have

larger pre-COVID exposures in our model.

Finally, firms in areas B and C represent the market share gains of banks that par-

ticipate in the program in terms of their portfolio of, respectively, non-guaranteed and

guaranteed loans to new borrowers, that is, in the extensive margin.30 Therefore, banks

that participate more in the public credit guarantee scheme gain market share.

30Since this model has no intensive margin, we do not have a channel through which banks gain market
share by extending more non-guaranteed loans to their existing clients.
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